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Graceful Labeling of Arbitrary Supersubdivision 
of Grid graph and Cyclic snake 

A. Elumalai, A. Anand Ephremnath 
 

Abstract— Aim of this paper is to prove the graph obtained by arbitrary supersubdivision of grid graph Ps × Pt  is graceful and the arbitrary 
supersubdivision of k-block generalized cyclic snake with string-1 is graceful. Also we define a k- block generalized cyclic snake in the 
increasing length and we prove that such graph is graceful. 

Index Terms— Arbitrary supersubdivision, Generalized cyclic snake, Graceful labeling, Grid graph.   

——————————      —————————— 

1 INTRODUCTION                                                                     

e begin with simple, finite, undirected  and connected  

graph  ),( qpG . A graceful labeling of G is an injection 

from the set of its p vertices to the set  q,...,2,1,0 such that 

the values of the edges are all integers from 1 to q, the value of 

an edge being the absolu te value of the d ifference between the 

integers attributed  to its end vertices.   
Sethuraman and Selvaraju  [1] have introduced a new 

method of construction called  supersubdivision of a graph 

and showed that arbitrary supersubdivisions of paths are 

graceful. They conjectured  that paths and stars are the only 

graphs for which every supersubdivision is graceful. Barrien-

tos [2] d isproved this conjecture by proving that every super-

subdivision of a y-tree is graceful. Sethuraman and Selvaraju  

[1] proved  that every connected  graph has some supersubd i-

vision that is graceful. They pose that question as to whether 

some supersubdivision is valid  for d isconnected  graphs [3]. 

After that Sekar and Ramachandran [4] proved that arbitrary 

Supersubdivision of d isconnected  graph is graceful.  

The planar grids nm PP   are graceful was proved by 

Acharya and Gill [5] in 1978. Jungreis and  Reid  [6] showed 

that the grids nm PP   are harmonious when )2,2(),( nm . 

Vaidya, Dani, Vihol and Kanani [7] proved that an arbitrary 

supersubdivision of grid  graph ts PP   is strongly multiplica-

tive and they pose that question as to whether parallel result 

can be investigated  corresponding to other graph labeling 

techniques [3]. Shiu  and  Kwong [8] determine the friendly 

index of the grids nPP 2 .  

A nkC -snake is a connected  graph with k blocks, each of 

the blocks is isomorphic to the cycle C
n
, such that the block-

cut-vertex graph is a path. Following Chartrand, Lesniak[9], 

by a block-cut-vertex graph of a graph G we mean the graph 

whose vertices are the blocks and cut-vertices of G where two 

vertices are ad jacent if and only if one vertex is a block and the 

other is a cut-vertex belonging to the block. This graph was 

first introduced by Barrientos[2] and he proves that 4Ck -

snakes are graceful and later it was d iscussed  by Badr[10] as 

generalization of the concept of triangular snake introduced  

by Rosa[11]. Also Badr [10] proved that 4Ck -snake, linear 

nCk -snake, even 8Ck -snake and even 12Ck -snakes are odd  

graceful. Lourdusamy and Seenivasan [12] proved that nCk -

snakes are means graphs and every cycle has a supersubdiv i-

sion that is a mean graph. They defined a generalized  nCk -

snake in the same way as a nC -snake except that the sizes of 

the cycle blocks can vary. They also proved that generalized  

nCk -snakes are mean graphs. For detail survey on graph la-

beling in the field  of arbitrary supersubdivision one can refer 

to Gallian [3], Kathiresan and Am utha [13-14]. We call a nkC -

snake as a k- block cyclic snake and a generalized  nkC -snake 

as a k- block generalized  cyclic snake.  

A nkC -snake contains nkM   edges and 1)1(  knN  

vertices. Among these vertices, k – 1 vertices have degree 4 

and the other vertices of degree 2. Let 121 ...,, kwww   be 

the consecutive cut-vertices of G. Let id  be the d istance be-

tween iw  and  1iw  in G for 21  ki , the string 

 221 ...,, kddd  of integers characterizes the graph G in the 

class of n-cyclic snakes.  

For example, refer Figure-1 for a 42C -snake with a cut ver-

tex. Now we can construct two different 43C  -snake from a 

42C  -snake, the first is with string- 1 (Figure-2) and the second 

is with string- 2 (Figure-3).   

 

   

 

 

 

 

 

 

 
Figure-1: 42C -snake with a cut vertex 
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Figure-2: 43C -snake with string- 1 

 
 

 

 
 

 

 

Figure-3: 43C -snake with string- 2 

 

In this paper we prove the following results for graceful label-

ing.  

1. The graph obtained by arbitrary supersubdivision of 

grid  graph ts PP   is graceful. 

2. An arbitrary supersubdivision of generalized  nkC -

snake with string-1 is graceful.  

3. The generalized  nkC -snake in the increasing odd  

length with string-1 is graceful. 

4. An arbitrary supersubdivision of triangular snake 

with length k is graceful.  

 

Definition 1.1  

Let G be a graph with q edges. A graph H is called  a super-

subdivision of G if H is obtained from G by replacing every 

edge e
i
 of G by a complete bipartite graph 

im
K ,2  for some m

i
 , 

1 ≤ i ≤ q in such a way that the end  vertices of each e
i
 are 

merged with the two vertices of   2-vertices part of 
im

K ,2 after 

removing the edge e
i
 from graph G. A supersubdivision H of G 

is said  to be an arbitrary supersubdiv ision of G if every edge 

of G is replaced  by an arbitrary mK ,2 (m may vary for each 

edge arbitrarily).  

 

Definition 1.2  

Let ),( qpG  be a generalized nkC -snake with string-1 and  

),...,,( 21 knnn  be the string length of cycles of G, then G 

contains contains 



k

l
lnq

1

edges and )1(
1

 


knp
k

l
l  verti-

ces. Name the vertices of G as pVVV ,...,, 21  as shown in 

Figure-4, we observe that there is a shortest path 

pnnnnnn VVVVV ,..,.,,, 211 321211   along the cut vertices 

of G, we can call it as the Cut vertex path of G and  there is a 

Hamiltonian path pVVV ,...,, 21  as shown in Figure-4 which 

covers all the vertices of G. It is clear that the Cut vertex path 

and Hamiltonian path are d istinct in G and  the union of Cut 

vertex path and Hamiltonian path covers all the edges of G. 

  

 

 

 

 

 

 

 

 

 

 

Figure-4: Generalized nC5 -snake with string length 

)5,4,6,3,4(),,,,( 54321 nnnnn   

Definition 1.3  

If )2,...,4,3(),...,,( 21  knnn k  is the string length 

of a generalized  nkC -snake then it is said  to be a generalized  

nkC -snake in the increasing length .  

If )12,...,5,3(),...,,( 21  knnn k  is the string length of a 

generalized  nkC -snake then it is said  to be a generalized  

nkC -snake in the increasing odd length .  

2 MAIN RESULTS 

In this paper we prove our main results that the graph ob-

tained by arbitrary supersubdivision of grid  graph ts PP   is 

graceful and the arbitrary supersubdivision of k-block general-

ized  cyclic snake with string-1 is graceful.  

 

 

 

 

 

 

Figure-5: Grid graph 34 PP   

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure-6: Some Arbitrary Supersubdivision of 34 PP   
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Theorem 2.1: The arbitrary supersubdivision of grid graph is 

graceful. 

Proof 

Let ),( qpG  be a grid  graph ts PP  . Name the vertices of G by 

.1&1,, tjsiw ji   Observe that there are t times of sP  

paths say tjP
j
s 1,

)(
 and  s times of tP  paths say 

siP
i
t 1,

)( . Let )( j
sP  be a path with successive vertices 

jsjj www ,,2,1 ,...,,  for tj 1  and  let )(i
tP  be a path with 

successive vertices tiii www ,2,1, ,...,,  for .1 si   Let jie ,  

be the edges of the paths 
)( j

sP  having end points 

jiji ww ,1, &   for tjsi  1&11  and  let jie ,  be the 

edges of the paths )(i
tP  having end points 1,, & jiji ww  for 

11&1  tjsi .  

Let H be an arbitrary supersubdivision of G, that is every 

edge jie ,  is replaced by a complete bipartite graph 
jim

K
,,2 , 

where jim ,  is any positive integer and every edge jie ,  is re-

placed by a complete bipartite graph 
jin

K
,,2 , where jin ,  is 

any positive integer.  Note that the two vertices of the 2-

vertices part of 
jim

K
,,2  get the labels jiji ww ,1, &   and  

)1(2,...,4,2, ,,,,,  jijijijiji mSSSS  are assigned  

to the jim ,  vertices of jim , -vertices part of 
jim

K
,,2 [Refer 

Figure-6 and Figure-7]. Also the two vertices of the 2-vertices 

part of 
jin

K
,,2  get the labels 1,, & jiji ww  and  

1,...,,1, ,,,,  jijijiji nTTT  are assigned to the jin ,  

vertices of jin , -vertices part of 
jin

K
,,2  [Refer Figure-6 and 

Figure-7]. Let N be the number of vertices and M  be the num-

ber of edges of H, where N  and  M  are defined below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure-7 
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         Define 







1

1
, 1,1,)1(

j

l
lji tjsiRiw  







1

1
,, 1,11,12

i

l
jljji tjsiimES

 



 

1

1
,1, 11,1,

i

l
jljji tjsiinET    

   

It is clear from the above labeling that H has an injection from 

the set of its N  vertices to the set  M,...,2,1,0  and  the M  

edges of H have d istinct labels from 1 to M . So H is graceful. 

 
Example 2.2: By using Theorem 2.1, we can give graceful la-

beling for the grid  graph which is in Figure-6. (Refer Figure-8 

for the graceful labeling of the graph which is in Figure-6). It is 

clear that the graph has an injection from the set of its 

)45(N  vertices to the set  )66(,...,2,1,0 M  and  the 

)66(M  edges of that graph have d istinct labels from              

1 to )66(M , so the graph is graceful. 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

Figure-8 
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Theorem 2.3: From ,3n  there exist an arbitrary supersubd i-

vision of k-block generalized  cyclic snake with string-1 that is 

graceful for 2k . 

Proof 

Let ),( qpG  be the k- block generalized  cyclic snake with 

string-1 and ),...,,( 21 knnn  be the string length of cycles of 

G, then G contains 



k

l
lnq

1

edges and )1(
1

 


knp
k

l
l  verti-

ces. Name the vertices of G as pVVV ,...,, 21  as shown in 

Figure-4. Let 1kP  be the cut vertex path 

pnnnnnn VVVVV ,..,.,,, 211 321211   with length k+1 along 

the cut vertices of G, we may name them as 121 ,...,,  kVVV  

respectively and let pP  be the Hamiltonian path 

pVVV ,...,, 21  of G with length p. Let 

11,1   pivve iii  denote the edges of the path pP  for 

11  pi  and  let kjvve jjj   1,1  denote the edges of 

the path 1kP .  

Let H be an arbitrary supersubdivision of G, that is every 

edge 11,  piei  of the path pP  is replaced by a complete 

bipartite graph 
im

K ,2  where im  is any positive integer and  

every edge kje j  1,  of the path 1kP  is replaced by a com-

plete bipartite graph 
jm

K ,2  where kjnm jj  1,1  is any 

positive integer. Note that the two vertices of the 2-vertices 

part of 
im

K ,2  get the labels 1& ii vv  and  

)1(2,,4,2,  iiiii mNNNN   are assigned to the im  

vertices of im -vertices part of 
im

K ,2  as in Figure-9. Also the 

two vertices of the 2-vertices part of 
jm

K ,2  get the labels 

1&  jj vv  and  2,,2,1,  jjjjj nNNNN   are as-

signed to the jm  vertices of jm -vertices part of 
jm

K ,2  as in 

Figure-10. Let N be the number of vertices and M  be the num-

ber of edges of H, where N  and  M  are defined below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure-9 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure-10 
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It is clear from the above labeling that H has an injection from 

the set of its N  vertices to the set  M,...,2,1,0  and  the M  

edges of H have d istinct labels from 1 to M . So H is graceful. 
 

Example 2.4: Refer Figure-11 for the graceful labeling of some 

arbitrary supersubdivision of the graph which is in  Figure-4. 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure-11 

 

Corollary 2.5: From ,3n  there exist an arbitrary supersubd i-

vision of nkC -snake with string-1 that is graceful for 2k . 

Proof:  

Let ),( qpG  be the nkC -snake with string-1 then G contains 

nkq   edges and 1)1(  knp  vertices. Let H be an arbi-

trary supersubdivision of G. By replacing the string length 
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values nnnn k  ...21 , the  generalized  nkC -snake with 

string-1 will become a nkC -snake with string-1. So by Theo-

rem 2.3, it is clear that from ,3n  there exist an arbitrary su-

persubdivision of nkC -snake with string-1 that is graceful for 

2k .  

Note: Similarly we can prove an arbitrary supersubdivision of 

k-block generalized  cyclic snake in the increasing length and  

also in the increasing odd length with string-1 are graceful for 

2k . 

 

Corollary 2.6: An arbitrary supersubdivision of triangular 

snake with length k is graceful for 2k . 

Proof:  

Let ),( qpG  be the triangular snake with length k, then G 

contains kq 3  edges and 12  kp  vertices and let H be an 

arbitrary supersubdivision of G. By replacing the string length 

values 3...21  knnn , the k- block generalized  cyclic 

snake with string-1 will become triangular snake with length 

k. So by Theorem 2.3, it is clear that for ,2k  an arbitrary su-

persubdivision of triangular snake with length k is graceful.  

 

Theorem 2.7: A k-block generalized  cyclic snake in the increas-

ing odd length with string-1 is graceful for 2k . 

Proof 

Let ),( qpG  be the k-block generalized  cyclic snake in the 

increasing odd length with string-1 and name the vertices of G 

as pVVV ,...,, 21  as shown in Figure-4, then G contains 





k

l
lnq

1

edges and )1(
1

 


knp
k

l
l  vertices. 

Define 
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1,112


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p

iiV i   

2

1
1,12



p

iiqV i   

It is clear from the above labeling that G has an injection from 

the set of its p vertices to the set  q,...,2,1,0  and  the q 

edges of G have d istinct labels from 1 to q. So G is gracefu l. For 

example see Figure-12. 

 

Example 2.8: Refer Figure-12 for the graceful labeling of a         

4-block generalized  cyclic snake in the increasing odd length 

with string-1.  
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3 CONCLUSION 

In this paper we have shown that the arbitrary supersubdiv i-

sion of grid  graph ts PP   is graceful and there exist an arbi-

trary supersubdivision of k- block generalized  cyclic snake 

with string-1 is gracefu l for 2k . From these results we ex-

tended our results that from ,3n  there exist an arbitrary su-

persubdivision of nkC -snake with string-1 that is graceful for 

2k  and  an arbitrary supersubdivision of triangular snake 

with length k is graceful for 2k . 

4 REMARKS 

‘Supersubdivision of a graph’ can be used  as a powerful oper-

ation to get larger size graphs from a given graph. We observe 

that, from the arbitrary supersubdivision of a grid  graph and 

as well as from the generalized  nkC -snake, we can get some 

graphs with infinite length. 
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